Abstract. We consider the weighted eigenvalue problem for a general non-local pseudo-differential operator, depending on a bounded weight function. For such problem, we prove that strict (decreasing) monotonicity of the eigenvalues with respect to the weight function is equivalent to the unique continuation property of eigenfunctions. In addition, we discuss some unique continuation results for the special case of the fractional Laplacian.
in known spectral intervals of the type [λ k (ρ), λ k+1 (ρ)], possibly involving several weight functions, and then by using strict monotonicity to avoid resonance phenomena. Thus, it is possible to compute the critical groups of the corresponding energy functional at zero and at infinity, and so deduce the existence of non-trivial solutions (one typical application of this approach for the fractional Laplacian can be found in [9] ). Motivated by the considerations above, we devote this note to proving an analog of the results of [5] for a very general family of linear non-local operators, introduced by Servadei and Valdinoci in [17] , which includes as a special case the fractional Laplacian (for a general discussion on fractional boundary value problems, we refer to [10] ). We study the following eigenvalue problem:
Here Ω ⊂ R N is a bounded domain with a Lipschitz continuous boundary, the leading operator is defined by
R N (u(x) − u(y))K(x − y) dy, namely a general non-local operator, whose kernel K satisfies the following hypotheses:
, where m(x) = min{|x| 2 , 1};
(ii) K(x) ≥ α|x| −(N +2s) in R N \ {0} (α > 0, s ∈ (0, 1) s.t. N > 2s);
For K(x) = |x| −N −2s we have L K = (−∆) s (the Dirichlet fractional Laplacian). The operator L K is the infinitesimal generator of a (possibly anisotropic) Lévy process, and thus it arises often in modeling phenomena of anomalous diffusion with long distance interactions (see [6, 12] and the references therein). Problem (1.1) depends on a weight function ρ ∈ L ∞ (Ω), and it admits a sequence of eigenvalues (λ k (ρ)) k∈Z0 (k ∈ ±N 0 if ρ has constant sign). Here we prove equivalence between the strict monotonicity of the mapping ρ → λ k (ρ) (k ∈ Z 0 ), and u.c.p. of eigenfunctions. We note that, in general, u.c.p. for solutions of non-local problems is a challenging open problem, though some partial results have been established, mostly regarding the case of the fractional Laplacian. In Section 2 we give problem (1.1) an appropriate functional analytic setting and recall the general structure of the spectrum; in Section 3 we prove our equivalence result; and in Section 4 we survey some known results about u.c.p. for non-local operators.
Notation. For all U ⊂ R N we denote by |U | its Lebesgue measure. For any two measurable functions f , g defined in U , we write f ≤ g for 'f (x) ≤ g(x) for a.e. x ∈ U ', and similarly f ≥ g, f < g, f > g, and f ≡ g. We denote by f + , f − the positive and negative parts of f , respectively. For all q ∈ [1, ∞] we denote by · q the norm of L q (Ω).
Functional analytic setting and general properties of the eigenvalues
We introduce a functional analytic setting for problem (1.1), following [17] (see also [10] ). For all measurable u :
endowed with the scalar product
and the corresponding norm u = [u] K . Then, (X K (Ω), · ) is a Hilbert space, continuously embedded into the fractional Sobolev space H s (Ω) and hence into L q (Ω) for all q ∈ [1, 2
We say that u ∈ X K (Ω) is a (weak) solution of (1.1), if for all v ∈ X K (Ω)
If, for a given λ ∈ R, problem (1.1) has a non-trivial solution u ∈ X K (Ω) \ {0}, then λ is an eigenvalue with associated eigenfunction u. The spectrum of (1.1) is the set of all eigenvalues, denoted σ(ρ).
Following the general scheme of [4] , we provide a characterization of σ(ρ). In particular, we provide four min-max formulas for eigenvalues of both signs, that will be a precious tool in the proof of our main results:
Clearly T is symmetric. Moreover, T is compact. Indeed, let (u n ) be a bounded sequence in
and the latter tends to 0 as n → ∞.
we see that (µ k ) is a sequence of eigenvalues of T , s.t. µ k ≥ µ k+1 and µ k → 0 + . Besides, for all k > 0, the eigenspace associated to µ k has finite dimension (hence it admits an orthonormal basis). So, by relabeling (e k,ρ ) if necessary, we have for all k, h ∈ Z 0 e k,ρ , e h,ρ = δ kh , 
with associated eigenfunction e k,ρ . Moreover, λ k (ρ) → ∞ as k → ∞, all eigenspaces are finite-dimensional, and eigenfunctions associated to different eigenvalues are orthogonal. Also, all sup's and inf's in (2.1) are attained at (subspaces generated by) eigenfunctions. Finally, reasoning as in [9, Proposition 2.8] it is easily seen that λ 1 (ρ) < λ 2 (ρ) and that there are no positive eigenvalues other than Now we prove continuous dependence of the eigenvalues on ρ, with respect to the norm topology of L ∞ (Ω) (in the forthcoming results, we say that k ∈ Z 0 is admissible if the corresponding eigenvalue does exist):
Proof. For simplicity, assume ρ + n ≡ 0 for all n ∈ N, ρ + ≡ 0, and k > 0 (other cases are studied similarly).
Indeed, for any n ∈ N and u ∈ X K (Ω), ||u|| = 1, we have by the Cauchy-Schwarz inequality
and the latter tends to 0 as n → ∞. Now fix k > 0: reasoning as in [8, Theorem 2.3.1], we have for all n ∈ N (2.4) |λ
By compactness, there existsû ∈ F, ||û|| = 1 s.t.
So we have for all n ∈ N λ −1
An analogous argument leads to
Remark 2.3. In fact, continuous dependence can be proved even with respect to weaker types of convergence, such as weak* convergence of the weights (see [1, Theorem 3.1] ). Anyway, continuity in the norm topology is enough for our purposes.
3. Strict monotonicity and u.c.p.
This section is devoted to proving our main result, i.e., the equivalence between strict monotonicity of the map ρ → λ k (ρ) (k ∈ Z 0 ) and u.c.p. of the eigenfunctions. Our definition of u.c.p. is the following:
We follow the approach of [5] . First we note that, by (2.1) and (2.2), given ρ,ρ ∈ L ∞ (Ω) \ {0},
First we prove that u.c.p. implies strict monotonicity: 
Proof. Assume ρ has u.c.p., ρ
Fix u ∈ F, ||u|| = 1. Two cases may occur: (a) if u is a minimizer in (3.2), then u is a λ k (ρ)-eigenfunction, hence |{u = 0}| = 0. So we have ρu 2 ≤ρu 2 , with strict inequality on a subset of Ω with positive measure, hence
In both cases, we have
Since F has finite dimension, the set of u's above is compact. Recalling also (2.1) with weightρ, we have
Now we assume ρ − ,ρ − ≡ 0 and consider negative eigenvalues, i.e., k < 0. Set j = −k for simplicity. By (2.2), there exists F ∈ F j−1 s.t.
Arguing as above, we see that for all u ∈ F ⊥ , ||u|| = 1
But F ⊥ is infinite dimensional, so we can not easily minimize in (3.3). Set
and argue by contradiction, assuming m = λ −1 −j (ρ) < 0. Let (u n ) be a sequence in F ⊥ , s.t. ||u n || = 1, and
Since (u n ) is bounded, passing if necessary to a subsequence we find u ∈ F ⊥ s.t.
in particular u = 0. Setû = u/||u|| ∈ F ⊥ , then ||û|| = 1, which by (3.3) implies
The next result establishes the reverse implication:
Proof. By Definition 3.1, we can find k ∈ Z 0 and a λ k -eigenfunction u ∈ X K (Ω) s.t. |A| > 0, where A := {u = 0}. First assume ρ + ≡ 0, k > 0, and without loss of generality
so λ k (ρ) ∈ σ(ρ) with associated eigenfunction u. We can find h ∈ N 0 s.t.
in particular λ h (ρ) < λ k+1 (ρ), which implies h ≤ k. Besides, by (3.1) we have
Now assume ρ − ≡ 0 and k < 0. Set j = −k, for simplicity of notation, and without loss of generality λ −j−1 (ρ) < λ −j (ρ). Arguing as above (with ε < 0), we findρ ∈ L ∞ (Ω) \ {0} s.t.ρ ≤ ρ,ρ ≡ ρ, and
so there exists i ∈ N 0 s.t. λ −j (ρ) = λ −i (ρ), with u as an associated eigenfunction. By λ −i (ρ) > λ −j−1 (ρ) we have −i ≥ −j, while by (3.1) we have
hence −j ≥ −i. Thus −i = −j and λ −j (ρ) = λ −j (ρ). Clearly, if ρ has constant sign only one of the previous argument applies. Definition 3.1 corresponds to the case (ii). We recall that a function u ∈ L 2 (Ω) has a zero of infinite order at x 0 ∈ Ω if for all n ∈ N Br(x0)
The relations between the properties depicted in Definition 4.1 are the following:
We recall now some recent results on non-local unique continuation.
In [2] , Fall and Felli consider fractional Laplacian equations involving regular, lower order perturbations of a Hardy-type potential, of the following type:
4 ), and h ∈ C 1 (Ω \ {0}), f ∈ C 1 (Ω × R) satisfy the estimates
where F (x, ·) is the primitive of f (x, ·). The main results asserts that, if u is a solution of the equation above and u vanishes of infinite order at 0, then u ≡ 0 (s.u.c.p.). The proof relies on the Caffarelli-Silvestre extension operator, exploited in order to define an adapted notion of frequency function, admitting a limit as r → 0 + .
Another result of Fall and Felli [3] deals with a relativistic Schrödinger equation involving a fractional perturbation of (−∆) s and an anisotropic potential:
where Ω, s are as above, m ≥ 0, a ∈ C 1 (S N −1 ) and h ∈ Ω satisfies a similar estimate. The authors give a precise description of the asymptotic behavior of solutions near the origin, and deduce again s.u.c.p. These results do not apply in our framework, even restricting ourselves to the fractional Laplacian, since they involve smooth weight functions, differentiability being required in order to derive Pohozaev-type identities. Instead, Seo [15] considers possibly non-smooth weights in the fractional inequality
where N ≥ 2, N − 1 ≤ 2s < N , and the weight function V satisfies
By means of strong Carleman estimates, the author proves w.u.c.p. for solutions of the above inequality with
. Moreover, Seo [16] obtained a special u.c.p. result for potentials V in Morrey spaces.
We also mention the work of Yu [19] , where s.u.c.p. is proved for fractional powers of linear elliptic operators with Lipschitz continuous coefficients. We recall that, whenever L is a uniformly elliptic operator defined on a bounded domain Ω ⊂ R N , endowed with a discrete set of eigenpairs (λ k , e k ), its s-power (s ∈ (0, 1)) is defined by
where u = u k e k is the expansion of u in the orthonormal basis (e k ). Such construction, with L = −∆, leads to the definition of the spectral fractional Laplacian. Note that such operator, in bounded domains, does not coincide with the Dirichlet fractional Laplacian (−∆) s , as observed in [18] , since the first eigenvalue (with weight 1) of the spectral fractional Laplacian is greater than that of (−∆) s . We note that the same can be seen by comparing eigenfunctions, as those of the spectral fractional Laplacian lie in C 1 (Ω), while those of (−∆)
s have optimal regularity C s (Ω).
The problem of non-smooth weights is the focus of the work of Rüland [14] , dealing with the fractional Schrödinger-type equation
with a measurable function V = V 1 + V 2 satisfying 
